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Now that we understand that the concept of a definite integral is nothing more than an 
^te ,let us consider a very

spe cial type of area problem. Suppose we are given a function f (*) = 2. W e know that to be a horizontal line at

J=2.First,realize thattheequationof thesaph of f(x)=2isthesameas f0-2isthesameas f(k)=2.
Nfhether we use x, t, or,€, it does not matter. The graph is still ahoizontal line. !7e are used to using x but we
will see a good reason that we will occasionally be using anodrer lettet.

3.0

f {t) =z Consider the expression

f -t t -I tltldt.t- \1
.01.0

r [o z.o s.o 4.0 s.o

Above, we have the gaph f (t) =2.

function of x. As x changes, i f {r)
0

We now want to consider the expressi"" /f (r) dt.Vlhatis this? It is a
0

d/ changes as well. Complete the chart below.

It should be apparent that as x gcts ligger, I t(t) d/ increases as well. lWhat we apper to be doing is
0

x

"accumulati ng atea" and we ,n I f (t) d/ the accumulation function. Finally, it should be obvious why rr,-e use
u.

f(r) =2 to describe our line rather than /(x) =2. I f(*)dx would be confusing.

Let' s calculate the value of

J f(t)dtforx=oto4

Complete the chart below

4.0

3.0

2.0

1.0

t (t)

0 1 Z a
J 4

I tlildt
0

'?(o)(o)
O

2(ttct)
Yu

tLL)lz>
L

)(acOqlt- fCqlC'r)
6

X$

J'

x
L(yO
2x

dT

a
f(x){x)fz

X 0 1 2 J + 5

f .r t ,.I rlil dt
0

LLo+)
o
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ZLza)
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2(5-o)
b

L(1-o)
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&ul * x hrs t+o, av b i^ . \W* r^

Exampre 1) Let F(,)=i rt4dt whererJregraph ory(x),, o"F-'.-*ry;lli::,f^t#*
Thlnk of f (x) as the rate of snowfall over a period of time, For instanc e, at x = 1., snow is faliing

p,
$Jt

at 3 inches per hour, at x = 3, it is not snowing, and at * = 4, snow is melting at 4 inches per hour.

Complete the chart. In the snow analogy, F .xJ fePfes ents the accumulation of snow over time.
x 0 I 2 a 3 o 6.5 7 B

F(") o 2- 2+3
5 b.5 q5 2.5 b blt-5 ') L

that. let's c the chart.
x 0 1 2 3 4 5 6 6.5 7 B

F'(r) t

I 5 3 o -q o \ o -t -\
5.P
/,cr

ril-k,b c, on what subinten'als of [0, 8] t$;*[fo..r.asing?
(o ,a) (? ,s) (5, Q.s) (b.5.3)
'ir{C Ctt,t- tl^C 

^Lc-d. \il/here in thd interval [0, 8] does F achieve its minimum and maximum value?
i'ta'..^*

-2Ujtru/etS O,'n:b aC Sr^rlrJ, tri5kr,f + (,o.,.r€-S-l

{y\ay ,*.-3 m,nXf X'bSf. Find the concavity of F and anv inflection points. Justifi' your answer

( oov a*

\X/hat are those values?

'ffirnXr O , I

h, Sketch a rough graph of F(-r)

{ x'
.9ce :top-l-

rtoa 5'r-8;A-! t CP' -'-l

O aioG-t- = fio Conca'i
,r'l rtlI-r

M asterM athM e iltor. t o tl

o

drtxlrd'tt)

Now let's consider F'(x) = 4i f frl dt .If wetake the derivative of an integral, what would you expect to\ / drur- "

So F'(x) - * I 
tt ldr is the same thing ,, 4 0<)

?'F") .S' 
^$r

F cu ro" cp
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Example z) LetF(x) = [ f (t) dt wherc / is the function gaphed below (consisting of lines and a sani-circle)

att'l
vL

W="o
2-

f '0,)'\d

$-Qo\':a9

Find the following:

a) r(o) = p

.) F(-t) 
= 4,

t r'(+)=$ 6a;
.-o

,rffLrlh
\

NI
l-

+

y = f(*)

Ol;L€
vt

Doc Tnc ;
b) F(2) --T .) F(4) = /-rr

,e3.lt1 h1 *G.?-3
0 F(-2) = -g 4,, s) r(-3) = -!

,r('-
r) r'(o) = -Z

a; r(o)= Ztt .2-

a\'?'I
h) r(-4) a -Z

l) F'(-3) =-/

f (-r) -{(*r; * L
D F,(2)

=2

m) On what subintetvals of [-+,0] is F increasing and decreasing. Justify your answer.

Det (4,'2'o) iAL Q2rj,1) 02& c 
tt ,(,) F *rr.n g pu..

n) Where in the interva [-+,0] does F achieve its minimum value? \flhat is the minimum value? p
rn*u@r\'< \s -2.5 ) a* *= -i.u 

""t"Stdhq,,$ 
Ft# ff-

o) \flhere in the intewa l-+,e] does F achieve its maximum value? What is thi minimum value? \

h^a.x uo,\u( is L\\ ,o* ry.=1 '"r
p) V4lere on the interval [-+,0] is Fconcave up? Concave down? Justify your answer. \

b F" 
u/nr Jusury Your answer' 

- ..r-i\ $ 
q

-r\ pU) ,k'
o) $(/here does F have 

=9-An=fn? 
^ .- ". C" * \ -' r''')t 

l),, ^oP 
" -

r) sketch the function F. WSffi"'W \' 'q\u\

'i l each tic mark
' I !! J. \ on Y-axls lS 1..J'',\ ? rrnifc ,S- N

\
I

\
\
\
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,N. k),-iy?,fuk*v
"f/r"o

The tempsature of water in a Rrb at time r is mode!€d by a strictly increasing trricedifferer*iable ftrnction 17,

where F(t) is measured in degrees Fahrenheit md r is measqred in minutes. At time f = Q *re temperatore of
the wateir is 55"F. The water is heated for 30 minute-s, beginning at time r = 0. Vatues af W(t) at seleoted
rimes r forthefinf ?0miautesur"stlz.ger39rSTS4 6^-t:g "t;7 stgea qil
(a) Use the data in the table tog5glpq4g*@ffi'ffiol;Igt6s ttiat tead to your answer. using correct

u3/s, inte+ret the meaning of your answer in the context of this problem.

(b) Use the data in the table to evaluate 
[loo 

*'frl dr. Using correct ,rl',ir*, in*"rpr* the rneaning or f0 w'1t1 at

in the context of this problem.

(c) For 0 < , < 20, the av€rage temperature of the water in the rub i, * [turr(r) dr. Use @].,"*"* ,u*Lveu / -ftIift{u
with the fotr subiniervals indicated by the data in the table to app:oxima * * frt * <r ) dr. Does this 

-

approximation overestirnate or underestimate rhe average temperature of the water over these 20 minutes?
Explainyourreasoning, _\

(d) For 2A < t. 25, |F" function W rhatmodels the water tenperature has first deiynvegiven by E' ,N (I-Vl
W'(t) * O.4fcos(0.061). Based on the model, what is tbe temperature of the ,{ut", uttime t = 25 ?

\

.r't%\D*Ouestion I
\l

t (minutes) 0 4 o 15 2A

If (r) (degrees Fahrenheit) 55.0 57.1 61.8 67.9 7r.0

epa$-
M0^f,

w(o)=/

\N'(r2 N !fl.q Ut B = (r.\ - \\e "E
\5- (9

=\2- alac \ . o\\i "F/^,n

' WQD -W(a =1 -53 = \(e'F

o,?|"\^t'(+)d+ t3 h^r r(sr rn{+
i5 =O fo =2O.

tt .5,5 + 5.5?,1 | b'tot.g + 5 ,J.g .1 "F

w6t)d* rs on U

= \N(z -W
oll.

r$CfeO

+€m" Accu

\xlQ-e
=11. ot1 3 tS "F

(+)d# = w(+

\Ll '(+) cU 
"= 

\1.., C+

04b

+l%.

14*(


